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Abstract 



We prove dispersive estimates for solutions to the Schrodinger equation with a real-valued 
potential V £ L°°(R"), n > 4, satisfying V{x) = 0((a;)-("+2)/2-^), e > 0. 



1 Introduction and statement of results 

Let V £ -L°°(R"), n > 4, be a real- valued function satisfying 



\V{x)\<C{x) 



-5 



yx G R", 



with constants C > and 6 > {n + 2)/2, where (x) = (1 + IrEl^)-*^/^. Denote by Go and G 
the self-adjoint realizations of the operators —A and —A -|- V{x) on L^(R"). It is well known 
that the absolutely continuous spectrums of the operators Go and G coincide with the interval 
[0, -|-oo). Moreover, by Kato's theorem the operator G has no strictly positive eigenvalues, which 
in turn implies that G has no strictly positive resonances neither. Throughout this paper, given 
1 < p < +00, LP will denote the space L^'(R"). Also, given an o > denote by Xa £ G°°(R) a 
real- valued function supported in the interval [a, +00), Xa = 1 on [2a, -|-oo). Our main result is 
the following 

Theorem 1.1 Assume (1.1) fulfilled. Then for every a > 0, < e ^ 1, there exist constants 
C,Ce > so that the following estimates hold 



3'*«G-("-3)/\,(G) 



< c\t\ 



-n/2 



Vt/0, 



XaiG){x) 



-n/2-e 



Moreover, for every < g < (n - 3)/2, 2 < p < "^^^I^I^f ' have 



< C\t\ 



-an/2 



where 1/p + 1/p' = 1, a = 1 — 2/p. 

Remark 1. The desired result would be to prove the estimate 



Vt/0, 



(1.2) 
(1.3) 

(1.4) 



JtG 



XaiG) 



< C\t\ 



-n/2 



Vt / 0. 



:i.5) 
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It is shown by Goldberg and Visan however, that when n > 4 there exists a compactly 
supported potential V G C^(R"'), \/k < {n — 3)/2, for which (1.5) fails to hold. In other words, 
in order that (1.5) holds true one needs to have a control of (n — 3)/2 derivatives of V. It seems 
that for potentials satisfying (1.1) only, our estimate (1.2) with a loss of (n — 3)/2 derivatives is 
quite optimal. 

Remark 2. It is natural to expect that if the zero is neither an eigenvalue nor a resonance 
of G, the statements of Theorem 1.1 hold true with Xa replaced by the characteristic function, 
X, of the interval [0, +oo) (the absolutely continuous spectrum of G), and G"""^/^ 

replaced by (^G)^^'^~'^^^^ and {G)~°"^^'^, respectively. To prove this, it suffices to show that in 
this case the estimate (1.5) holds true with Xa replaced hy {1 — Xa)x > ^ small enough. 

The proof of such an estimate, however, requires different techniques than those developed in 
the present paper. 

Remark 3. We believe that the estimate (1.4) still holds at the end point p = "^^^^^^2!!^ for 
< 9 < (n — 3)/2 and that our approach leads to such an estimate. In fact, it is not hard to 
see from the proof of (1.4) in Section 4 that the problem is reduced to estimating the — > 
norm of operators with explicitly given kernels. 

The estimate (1.5) is proved in the case n = 2 by Schlag |7j for potentials satisfying (1.1) 
with 5 > 2. When n = 3, the estimate (1.5) is proved by Goldberg and Schlag [2] for potentials 
satisfying (1.1) with 6 > 3. Recently, (1.5) has been proved in this case by Vodev jSj and 
Yajima for potentials satisfying (1.1) with 6 > 5/2, while Goldberg ^ has proved (1.5) for 
a very large class of potentials including those satisfying (1.1) with 6 > 2. The proofs in all 
these papers (except for jS]) are based on the very nice properties of the outgoing and incoming 
free resolvents when n = 2 and n = 3. When n > 4, however, these properties are no longer 
valid, and consequently one needs different methods to prove estimates like (1.5) (or like these 
in Theorem 1.1). The first result in this case is due to Journe, Sofer and Sogge 0, where 
they proved an analogue of (1.5) for potentials satisfying (1.1) with 5 > n + 4 as well as the 
regularity property V ^ L^. This was later improved by Yajima JS)i using the properties of the 
wave operators. Note also that the estimate (1.3) was proved by Jensen and Nakamura ^ for 
potentials satisfying (1.1) with 5 > n as well as an extra technical assumption. 

To prove Theorem 1.1 we use the method of jSj together with some ideas from jU] where 
similar dispersive estimates have been proved for the wave group e**^^ for potentials satisfying 
(1.1) with 6 > {n + l)/2. Roughly specking, the method consists of reducing the dispersive 
estimates to uniform estimates for the Shrodinger group (resp. the wave group) on weihted 
spaces, which in turn are proved by using some more or less known properties of the perturbed 
resolvent on weihted spaces (see Section 3). Note finally that in view of Goldberg's result 
one should expect that the statements of Theorem 1.1 hold true for the larger class of potentials 
satisfying (1.1) with 6 > {n + l)/2. The proof of such estimates, however, would require a 
different approach than this one presented here. 

2 Preliminary estimates 

The following properties of the free Schrodinger group will play a key role in the proof of our 
dispersive estimates. 

Proposition 2.1 Let Tp G C^((0, +00)). For every < s < (n - l)/2, < e < 1, < < 1, 
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t 7^ 0, we have 



-l/2-s-e 



< C/l-("-l)/2+«|i|-^-l/2, 



(2.11 



< c{t/hy 



(2.2) 



TO^/i a constant C > independent oft and h. For every s > 0, < h < 1, t € Ti, we have 

{x)-'e''^°i;{h^Go){x) 
with a constant C > independent oft and h. 

Proof. We are going to take advantage of the formula 

e**^°?/;(/i2Go) = {ni)-^ e''^' 4^{h^ X'^) (i?^ (A) - Ro{X)) XdX, (2.3) 

where Rq{X) are the outgoing and incoming free resolvents with kernels given in terms of the 
Hankel functions by 



[Ri{X)]{x,y)=±- 



X 



4 \27r|x — y\ 



Ht{X\x-y\), 



where v = (n — 2)/2. Hence, the kernel of the operator e**'^''^(/i^Go) is of the form Kh{\x — y\,t), 
where 



-2u 



Khia,t) 



e'^^''i}{h^X^)Jy{aX)XdX = h-''Ki{ah~\th-^), 



(2.4) 



(27r)^+i Jo 

where Ju{z) = Jy{z)., Ju{z) = [H'^{z) + H:j{z))/2 is the Bessel function of order v. It is easy 
to see that (2.1) follows from the bound 

\Kh{a,t)\ < c/i^-("-i)/2|i|-^-i/2^-(n-i)/2+.^ Vt / 0,cj > 0,0 < < 1. (2.5) 

In view of (2.4), it suffices to show (2.5) with h = 1. Let m > be an integer. Integrating m 
times in (2.4) we obtain 



iitrK,ia,t) 



a 



'2u 



2(27r) 



CO 



d^i" 



fe=0 



k~2u 



'i:m-k{^^)J^^\<y^/lJ)d^i, 



where ipm-k G C^((0, +cx))), j!)'\z) := d^ Ji,{z) / dz^ . Making the change = we can write 
the above identity in the form 



{itrK^{a,t) = / e'tx-^^^k{X)J^^\aX)dX, 



(2.6) 



where ipk{X) = 2Xipk{X'^)- To estimate the integral in the RHS of (2.6), we will use that, given 
any b > and a function ip £ CQ°{[—b,b]), we have the bound (see the proof of Lemma 2.4 of 

my- 



e'^^''~'^^^p{X)dX 



<c\t\-'/^\ 



< Cb\t\ 



-1/2 



sup sup 

o<i<i AeR 



, 7^ 0, r G R, 



(2.7) 



with a constant > independent of t, r and (p. Consider first the case < a < 1. It is well 
known that near z = the function J^iz) is equal to z^'^ times an analytic function. Therefore, 
we have, for < z < zq, 



< Cz 



2u-k 



for all integers < A; < n — 2, while for integers k>n — l, 

dlMz)\<Ck, 

with constants C, > depending on zq. By (2.6)-(2.9), we obtain 

\Ki{a,t)\ < C„^|^^"'-^/^ Vt 7^ 0, < a < 1, 



(2.8) 
(2.9) 

(2.10) 



for all integers rn > with a constant Cm > independent of t and a. Clearly, (2.10) holds 
with m = s for all real < s < (n — l)/2, which in turn implies (2.5) with h = 1 in this case. 

Let now a > 1. It is well known that J'i,{z) = e^^h'^{z) + e~^^b~{z) with functions b^{z) 
satisfying 

9^6±(z)| < Cj>-=^)/2-j^ V^>zo, (2.11) 

for every integer j > and every zq > 0, with a constant Cj > depending on j and zq but 
independent of z. We can write Ki = + , where Kf^ is defined by replacing in (2.4) the 

function J^u(,z) by e^*^5^(z). We have 



ji^)(z) = ^e±-6±,(^) 



(2.12) 



with functions satisfying (2.11). Thus, by (2.6), (2.7), (2.11) and (2.12) we get 

Kt{t,a) < C^|tr"^-VV-("-i)/2+"^, VtT^O, (7>1, 



(2.13) 



for all integers m > with a constant Cm > independent of t and a. Obviously, (2.13) holds 
true with m = s for all real < s < (n — l)/2, which in turn implies (2.5) with /i = 1 in this 
case. 

Given a set 7W C R" denote by r){M) the characteristic function of M. We have 



< 



(x)-^e^*^X/i2Go)(x)- ^^^^^ 
r){\x\ < j\t\/2h)e''^°^{h^GoH\x\ < l\t\/2h) 



+ C{t/h)-', 



(2.14) 



where 7 > is a constant to be fixed below. In view of Schur's lemma the norm in the RHS of 
(2.14) is upper bounded by 



/ \Khi\x - y\,t)\dy < I 

J\y\<l\t\/2h J\i 



sup 

\x\<^\t\/2hJ\y\<l\t\/2h 



\Khm,t)\di 



n\t\/h 

<C a''-'\Khia,t)\da. 
Jo 



(2.15) 
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Thus, to prove (2.2) it suffices to show that the integral in the RHS of (2.15) is upper bounded 
by Om ((^/^)~™) for all integers m > 0. In view of (2.4) this would follow from the bound 



n\t\ 

/ a'''^\Ki{a,t)\da<C„^{t) 
Jo 



(2.16) 



provided 7 is properly choosen. Write the function Kf^ in the form 



i^-2Vg-i(j2/4t poo 



(2vr) 



u+l 



(2.17) 



where (p{X) = A^(A^). Clearly, we can fix now 7 > (depending on supp(/3) so that |A±cj/2t| > 
Const > on supp(/3 for a < 'j\t\. Therefore, integrating by parts m times in (2.17) and using 
(2.11), one can easily obtain the bound 



Kt{a,t) 



< r \f\~™- 



1 < cj < 7|i|, 



(2.18) 



for every integer m > 0. On the other hand, in the same way as in the proof of (2.10), one 
concludes that K\ satisfies (2.18) for < o" < 1 as well. This clearly implies (2.16), and hence 
(2.2). □ 

We will also need the following lemma proved in (see also [B]). 

Lemma 2.2 Assume (1.1) fulfilled. Then, for every ip € Cq°{{0, +00)), < s < 6, I < p < 00, 
< h < 1, we have 

<C, 



{x)-'^ih^Go){x) 
{x)-'i;{h^G){xy 



^Go) - Hh^G)) {xY 
^{h^Go) 



LP^LP 



<G, 



< Gh^, 



Tpih'^G) 
xlj{h^G)-i;ih^Go) 

ij{h^G) 



LP^LP 



<G, 



LP-^LP 



< Gh^, 



V^^LP 



<Gh~-\-^--p\ 



L^^LP 

^^G)-^{h^Go)) (x) 
with a constant C > independent of h. 



< Gh 



L^^LP 



(2.19) 
(2.20) 
(2.21) 
(2.22) 
(2.23) 
(2.24) 
(2.25) 
(2.26) 
(2.27) 
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3 L?' ^ L? estimates for the Schrodinger group 

Given a parameter < /i < 1, and a real- valued function G Co°((0, +00)), denote 

h) = e'^^iPih'^G) - e^*^o^(/i2Go). 

We will first prove the following 

Theorem 3.1 Assume (1-1) fulfilled. Then, we have 

\\^{t\h)\\^2_L2 <Ch, yt,0<h<l, 
with a constant C > independent of t and h. 

Proof. We will derive (3.1) from the following 
Proposition 3.2 For every s > 1/2, < h < 1, we have 

/OO o 
-00 

with a constant C > independent of f and h. 



(3.1) 



'e''^iP{h^G)f dt < ChWfWy, V/ € 



(3.2) 



Let V'l G Cg°((0, +C!o)) be a real-valued function such that ■i/'i'^ = V'- By Duhamel's formula 
we obtain the identity 



^{t-h) = Y,^^{t-h), 



(3.3) 



where 



^i{t- h) = (Mh'G) - Mh'Go)) ^{t; h) 
+ (V'i(/i^G) - Mh'^Go)) e^'^X/i^Go) - 'ip^{h^Go)e'*^° {^h^G) - ip{h'^Go 

*2(t; h)=i e*(*-^)^oVi(^^Go)ye^^^V(^^G)dr. 
Jo 

In view of (2.21) we have 

\\^i{t;h)\\L,^^,<Ch\ 
For all nontrivial /, G L^, we have with 0<s — l/2<Cl, V7>0, 



(3.4) 



/OO . . 

((x)^ye-«V'(/i'G)/, (x)-^e^(*--)«°Vi(/i'Go)5) 

/OO 2 
{x)-'e'^^i/;{h^G)f ^dr + C^'^ {x)-'e'^^°i/;i{h'^Go)g 
-00 ^ J~oo 

< C^7ll/lli2 + C/i7-i5lli2 < 0{h)\\f\\L2\\g\\L2, 
if we choose 7 = 1151^2/11/11^2, which implies (3.1). 



dT 



L2 



(3.5) 
□ 
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Proof of Proposition 3.2. Denote by TL the Hilbert space L^(R;L^). Clearly, (3.2) is equiv- 
alent to the fact that the operator Ah : ^ Ti defined by 

(A/) (x,i) = (x)-^e**^V'(/i'G)/ 

is bounded with norm 0{h^^^). Observe that the adjoint A*f^ :TL ^ is defined by 

POO 

Alf= / e-*^S(/i'G)(x)-7(T,x)(ir, 



so we have, V/, 5 G Ti, 

{AhAlf,g)^= I {p{t,-),g{t,-))L'^dt, (3.6) 



where 

pit,x) = 1 (x)-^e'(*-^)«V'(/i'G)(x)-7(T,-)dr. 



Hence, for the Fourier transform, p{X,x), of p{t,x) with respect to the variable t we have 

p(A,x) = Q(A)/(A,x), (3.7) 
where Q{X) is the Fourier transform of the operator 

{x)-'e''^i^\h^G){x)-'. 

On the other hand, the formula 

e''^ij\h^G) = — / e''^ ij\h^X^) {R+{X) - R-{X)) XdX, (3.8) 



m J -00 
where 

R^{X) = lim (G - ± ie)-^ : {x)-'L^ {xY , s > 1/2, 

shows that 

Q(A) = {27riy^i^\h^X){xy' (i?+(\/A) - i?-(VA)) {x)-'. (3.9) 

Note that the limit exists in view of the limiting absorption principle. Moreover, we have the 
estimate (e.g. see Lemma 3.3 of ,9J 

\\{x)-'R^{X){x)-'\\^,^^, < CX-\ X > Ao, (3.10) 

for every s > 1/2, Aq > 0, with a constant C > independent of A. By (3.9) and (3.10) we 
conclude 

\\Q{X)\\L2_,L^<Ch (3.11) 

with a constant C > independent of A and h. By (3.7) and (3.11), 

\\p{X,-)\\L2<Ch\\f{X,-)\\L^, (3.12) 

which together with (3.6) leads to 



\{AhAlf,g).^\ 



{p{X,-),g{X,-))L2 dX 

7 



< Ch 



\\f{\-)\\LA\9{\' 



|L2 



<C/i7 / \\f{\-)\\l2d\ + Chr^ / \\g{\-)\\l,d\ 



Ch^Wfrn + Chr'hrn = 2Ch\\fM\g\\H, 



(3.13) 



if we take 7 = llfi'll'H/ll/ll'H) with a constant C > independent of h, f and 5. It follows from 
(3.13) that the operator AhA*^ : Ti ^ Ti is bounded with norm 0{h), and hence the operator 
Ah : ^ Ti IS bounded with norm 

In what fohows in this section we will prove the following 

Theorem 3.3 Assume (1.1) fulfilled. Then, for every real-valued function ip G Cq"((0,+oo)) 
and every < s < n/2, < e ^ 1, we have 



{x)-^-^e^'^^{h'G){xy ^^^^^ 
with a constant C > independent of t and h 



<C{t/h)-', Vt, 0</i<l, 



(3.14) 



Proof. We will derive (3.14) from the following estimates 

Proposition 3.4 Assume (1.1) fulfilled. Then, for every real-valued function ip £ Co°((0,+oo)) 
and every < s < n/2, < e ^ 1, < /i < 1, we have 



-1/2-s-e itG 



e**^V(G)(x) 



-1/2-s-e 



< c{ty 



vt. 



(3.15) 



f\\l^dt<Ch\\f\\l„ yf£L\ (3.16) 



{t/hf' {x)-^/^-'-'e'^^ij{h^G){x)-^/^-'-' 

with a constant C > independent oft, h and f. 

By a standard interpolation argument (e.g. see the proof of Theorem 1.2 of ^ or the proof 
of Theorem 3.4 of |3j) one can easily conclude that it suffices to prove (3.14) with s = n/2, only. 
On the other hand, in view of (2.2), it suffices to prove (3.14) for the difference ^{t; h). To do 
so, we will make use of (3.3). Using (1.1), (2.2) and (2.21), we obtain. 



<0{h^) (x)-("+2)/2-e^(^.;^)^^^-si-e^ ^0{h'^){t/hY 



|(x)-^-^^'i(t;/i)(x)-^i-V||i2 

1Il2, V/GL2, 

for all si > s > 0. Using (1.1), (2.2) and (3.16), we obtain, V/,g G L^, with s = n/2, 

(tA)^|((x)-^-^^2(t;/i)(x)-^-i/2-/,5; 



(3.17) 



< C 



{xy'-'e'^'-^^^''Mh'Go)Ve'^'^i;{h'G){x) 



f,9 



dr 



t/2 



{{t-T)/hY {X) 



-n/2-e-iit-T)Go 



Mh^Go){x) 



L2 
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L2 



dT 



+C 



t/2 



L2 



X {r/hy {x)-^''+^'^/^-'e'^^^{h^G){x) 



L2 



dT 



<Cj {T/h)-^~'{{t-T)/hf' {x)'''/^-'e"''^Mh^Go){xy 



L2 



dT 



+C77-1 / {T/hy+' {x)-^~'e'^^4^{h^G){x)-'-^/'^-'f 
J —00 

2 



L2 



dT 



+Gj I {x)-^/^-'e'^^'>Mh^Go){x) 
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L2 



dT 



/ (r//i)2« {x)-^''+^^/^-'e'^^ij{h'^G){x)-'-'^/^-'f 
J —00 

< Chj\\g\\l,+Ghr'\\f\\l, = 2Ch\\f\\ML., 
if we choose 7 = ||/||l2/||(7||2,2 . By (3.17) and (3.18), we have (with s = n/2 

{xr^-^^{t;h){xr'-'/'-^f\l^ 

<0{h'^) (x)-("+2)/2-^^'(t;/i)(x)-^-l/2-e^ +0{h){t/hy 



L2 



dT 



(3.18) 



L2. 



(3.19) 



Hence, there exists a constant < /iq < 1 so that if < < /iq, we can absorbe the first term 
in the RHS of (3.19), thus obtaining the estimate (for < ^ < /iq) 



{xy'~'^{t;h){x) 



, < Ch{t/h)-'. 



(3.20) 



Let now ho < h < I. Without loss of generahty we may suppose h = 1. By (2.2) and (3.15), 
the norm in the first term in the RHS of (3.19) is upper bounded by C{t)~^\\f\\^2, which again 
imphes (3.20). By (2.2) and (3.20), we conclude 



L2^L2 



(3.21) 



with s = n/2, and hence with all < s < n/2. To show that this implies (3.14) with s = n/2, 
we will proceed in the same way as in Section 3 of 19^. Let r = |x| denote the radial variable 
and set Vr = {r)~^rhdr- It is easy to see that (3.21) implies 



L2^L2 



< G{t/hy 



{x)-'-'Vre''^ij{h^G){x)-^/^-'-' 
for all < s < n/2. Furthemore, using Duhamel's formula together with the identity 

-2A+[rdr,A] = 0, 

we obtain 

iji{h'^G)[rdr,e''^]i^{h'^G) = l\i{h^G)e'^'-^'^^[rdr,Gy^^il^{h^G)dT 



(3.22) 
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nt 

= / Mh^G)e''^^~^'>^ i'^G -2V + rdrV -Vrdr)e'^^^{h^G)dT 
Jo 

= 2te'^^G'ip{h'^G) + /* Vi(/i^G)e^(*-^)^ {-V + drrV - Vrdr) e'^^tp{h'^G)dT, 
Jo 

where the functions Tp and ipi are as above. Set ipi{(7) = a^^ipi{a). From the above identity we 
get (with s = n/2) 

2{t/h){x)-'-'e''^i;{h^G){x)~'-' 
= (^{x)-'-'^i{h'^G){xy+') {x)-'+^-'Vre^^^^{h'^G){x)-'-' 

+ {x)-'-'^i{h^G)e^^^ {V; + 0{h)) {x)-'+^-' [{xY+'il:{h'^G){x)~'-'') 
+h / {xy'-''>Pi{h^G)e'^'-^^^Ve'^^^{h^G){xy'~'dT 



+ I {x)-'-'tlJi{h'^G)e'^'-^'>^ {V; + 0{h)){r)Ve'^^i;{h^G){x)-'-'dT 

+ / {x)-'-'TPi{h^G)e'^*-^'>^V{r)Vre'^^tl;{h^G){x)~'-'dT. (3.23) 



By (2.20), (3.21) and (3.22), we have that the — > norm of each of the first two terms in the 
RHS of (3.23) is upper bounded by 0{{t/h)~^^^). Similarly, in view of (1.1), we also have that 
the norm of each integral in the RHS of (3.23) is upper bounded by 0{{t/h)-'+^/'^). 

Therefore, (3.14) with s = n/2 follows from (3.23) together with the estimates (3.21) and (3.22). 

□ 

Proof of Proposition 3.4- We will derive (3.15) from the following lemma which can be proved 
in precisely the same way as Lemma 3.6 of 

Lemma 3.5 Assume (1.1) fulfilled and let < s < n/2. Let also m > denote the bigest 
integer < s and set fi = s — m. Then, the operator-valued function 



nf{X) = X{x)-^^^-'''R^{X){x)-^/'^-'-' -.L^^L 



2 



is C" in A for A > 0, d^TZf is Holder of order /x, and satisfies the estimates 

\dint{\)\\^^^^^ <C, A > Ao, < J < m, (3.24) 

||5r7^^(A2)-5^7^^(Al)||^,_^, <C|A2-Air, As > Ai > Aq, (3.25) 
for every Aq > 0, with a constant C > independent of A, Ai and As- 

We are going to take advantage of the formula (3.8) with h = 1 and ip'^ replaced by ip. Set 

r(A) = T+(A) - T-(A), r±(A) = {2TTiy'^x-^/^nt{^), (3.26) 

and choose a real-valued function cp £ Co^([l/3, 1/2]), > 0, such that / (l){a)da = 1. Then the 
function 

r±(A) = 9-^ Jt^{X + a)^{a/9)da, < 9 < 1, 
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is C°° in A with values in JC-{L^) and, in view of (3.24) and (3.25), satisfies the estimates 

\\diT^i\)h2^L2 < CA-(^+i)/2, < j < m, (3.27) 

WdTT^iX) - dTT^{X)h._^L^ < e-' I WdTT^iX + a) - dTT^{X)\\L._^r^.cl>ia/e)da 

< CA-("^+i)/2^-^ j a^(t>{a/e)da < CA'^'^+^^Z^^'^^ (3 28) 

||air±(A) - air±(A)|U2^i. < CA-(^+i)/20, < i < m - 1, 

\dT'TH^)\^,^^,<(^-' j \\dTT^{\ + a)-dl^T^{X)\\i^.^LA<t^'{a/e)\da 
Integrating by parts m times and using (3.28) and (3.29), we get 

fe'^'m (r±(A)-r±(A)) dX 

^^(A)(r±(A)-r±(A)))dA Kcef^it]- 



-l+M 



(3.29) 



(3.30) 



dX' 



L2-,L2 



(3.31) 



Similarly, integrating by parts m + 1 times and using (3.27) and (3.30), we get 



f 

Jo 



e^*^V'(A)r±(A)dA 



'±1 



-m-1 / 

io ^ dA"^+^ 
By (3.26), (3.31) and (3.32), 



(V^(A)T±(A))dA 



/■oo , V 

/ e**V(A)r(A)dA <ce^'\t\-"' (i + \t\-^e-^] <c\t\ 

Jo L^-*L^ ^ ^ 



-m—n 



(3.32) 



(3.33) 



if we take 6 = \t\ ^, which clearly implies (3.15). 

In what follows in this section we will derive (3.16) from Lemma 3.5. Let < s < n/2 
and let m > be the bigest integer < s. Remark that the function d'^TZf satisfies (3.25) with 
fi = s — 171 + e/2. Consequently, the estimates (3.28) and (3.30) are valid with fi = s — m + e/2. 
Let ^+ G C°°(R), (t)+{t) = for t < 1, 0+(t) = 1 for t > 2. Given any function / G L^, set 



u{t; h) = (re) 



(t)+{t/h)e'^^<f{h^G){x) 



We have 



{dt-iG) {x)^/'^+'+'u{t;h) 
= h-^(l)'+{t/h)e'*^i^{h^G){x)-^/^-'-'f =: h-\x)-^/^-'-'v{t; h). (3.34) 
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Clearly, the support of the function v{t; h) with respect to the variable t is contained in the 
interval [h,2h], and by (2.20) we have 



\v{t;h)\\L^<C\\fh2, l<t/h<2, 



(3.35) 



with a constant C > independent of t, h and /. Using Duhamel's formula we deduce from 
(3.34), 

/■* 

(3.36) 



u{t-h) = h-^ / {x)-^/'^-'-'^l,i{h^G)e'^'-^^^{x)-^l'^-'-'v{T-h)dT, 
Jo 

where the function ipi is as above. It follows from (3.36) that the Fourier transforms of the 
functions u{t; h) and v{t; h) satisfy the identity 



(3.37) 



u{\-h) = h-^Q+{X)v{X;h), 
where Q'^{X) is the Fourier transform of the operator 

ri+ being the characteristic function of the interval [0, +oo). It is easy to see that 

Q+(A) = (27ri)^i(x)-V2-^-^y,^(^2^)i?+(VA)(x)-V2-^-^ = i3(/i)T+(A), 
where the operator 

B{h) = {xr^/^-'-'Mh^G){x)'^^^'+' ■.L'^L' 

is bounded uniformly in h in view of (2.20). Fix a constant < 7 < 1 such that supp^/^i C 
(7,7"-^). Then , for \h? G R \ (7,7""^), we have 



(3.38) 



d^Q+(A) 



< C 



Mh''G){G-xy 



-k-l 



< c sup Vi(^V)((7 - A)-*^-^ < ^7fe/i2*^+^ 

o-eR 



(3.39) 



for every integer fc > with a constant Cfc > independent of A and h. Set (5^(A) = B(h)Tf^ {X) 
and define the function U0{t; h) via the formula 

U0{>^;h) = Qj{X)v{X;h). 
Using (3.27)-(3.30) when Xh^ e (7,7~^) and (3.39) when Xh^ e R \ (7,7-^), we obtain 

HQjimL^^L^<Ch^^\ 0<j<m, (3.40) 
\\dTQtW-dTQ-'iX)\\L^-.L^<d-'J \\dTQ+{X + a)-d^Q+{X)\\L.^L^cl>ia/9)da 

< CK^+^B-^ J a^'(l){a/0)da < C/i^+^r , (3.41) 
KQ^(A)-^Q+(A)|U2_i2<C/i^+y 0<j<m-l, (3.42) 
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< I \\dTQ+{\ + a) - dTQ+{X)h.^r^.\ct>\a/e)\da 

< Ch'^+^e-^ J ai'\(l)'{a/e)\da < Chr+^e-^+i". (3.43) 

Using (3.40)-(3.43) (with jjl = s — m + e/2) together with the Plancherel identity and (3.35), we 
obtain 

/OO /'OO 
|t|2-||^x,(i; h) - u{t- h)\\l,dt = / liar («e(A; h) - u{X- h))\\l,dX 



1^ /'OO 

< Ch-' E / (d',Qj{X) - 9!g+(A)) '*(A; h) 

^ /-OO 2 ^ /"OO 

< C/i2™^2/. ^ / ^^-'^^(A; h) ^dX = Ch'^"'9'^>' 1^ 



L2 



2m-2A;i 



\v{t-h)\\l2dt 



KCh^'^e^" / ||?;(t;/i)||22di <C/i2"^+^02M||y||2^^ 

J h 

with a constant C > independent of ^, ^ and /. By (3.44) we get, > 1, 

r2Ah 

/ \\ue{t;h)-u{t;h)\\l,dt < ChA-^^9^^^\\f\\l,. 

J Ah 



(3.44) 



(3.45) 



In the same way, we obtain 



\ueit;h)\\l2dt 

m+l 

E 

fc=0 



||5™+'^e(A;/i)||i.dA 



<C/i-2^ / 9^g+(A)9-+^-^i)(A;/i) 
fc=o 

m+l 

fe=0 

m+l OO 

^ ^^2m+2^-2+2;. ^ / \t\^"'+^-^>'\\v{t;h)\\l,dt 

7. r, J —OO 



L2 

2 

L2 



/•2/1 

< C/l2™+2^-2+2/. / ||^;(i;/j)||2^dt < C/l2™+3e-2+2M||y||2^^ 
J h 

with a constant C > independent of ^, ^ and /. By (3.46) we get, > 1, 



p2Ah 

/ \\ue{t-h)\\l2dt<ChA-'^'^-'^e 

J Ah 



■2m-2^-2+2/i|| f ||2^ 



(3.46) 



(3.47) 



Combining (3.45) and (3.47) leads to 

/ {t/hf'\\u{t-h)\\hdt < ChA^f^-^e^^ (l + A-^e-^) ll/lli. < ChA-^\\f\\l„ (3.48) 

J Ah ^ ' 

if we choose Q = A~^, where s = m + fi — e/2. By (3.48), for every integer A; > we have 

2*+l/i 



2'=/i 



(t/^)2^||«(t;^)||i,dt<C^2-^||/||i,. 



(3.49) 
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Summing up (3.49) leads to 



which clearly implies (3.16). 



/•oo 

/ {t/hf'\\u{t;h)\\l,dt<Ch\\f\\l,, 
Jh 



(3.50) 



□ 



4 Proof of Theorem 1.1 

We will first prove the following 

Proposition 4.1 For every < e < 1, 1/2 - e/2 < s < {n - l)/2, Q < h < 1, t 0, we have 



^{t;h){x) 



-s-l/2-e 



with a constant C > independent oft and h. 



(4.1) 



Proof. By (2.1) and (2.24), we have 

*i(t;/i)(x)-*-V2-7 



< 0{h'^) \\^{t;h){x)-'-^/^-'f\\^^ + C/i-("-3)/2+s|^|-s-i/2||^||^^^ ^ ^2 



(4.2) 



Using (2.1) and (3.14), we obtain 



^2it;h){x) 



-s-l/2-e 



< c 

+c 



t/2 





t/2 







e^(*-^)^°^i(/i2Go)(x) 
e^^^oV'i(^^Go)(x)-^-^ 

t/2 



-S-1/2-C 



^.^^^ (x)-i-e-«V(^'G)(^)-'-^/' 

t/2 



io io 

< C^^-("-3)/2-^|i|-«-V2. (4.3) 

By (4.2) and (4.3), 



^{t-h){x\ 



-S-l/2-6 



/ 



<0{h^) ^{t-h){x)-'-^l^-'f ^^+Ch-^''-'^^l'^+'-'\t\-'-^l^\\f\\L2, yfeL^. (4.4) 

Hence, there exists a constant < /iq < 1 so that for < h < Hq we can absorbe the first term 
in the RHS of (4.4), thus obtaining (4.1) in this case. Let now ho < h < I. Without loss of 
generality we may suppose h = 1. Then the only term we need to estimate is 



iMG) - MGo)) e^*«^(G)(x)-^-V2-7 
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L2 



In view of (2.27), this is reduced to estimating 

which, in view of Theorem 3.3, is upper bounded by 0(|t|~''~^/^)||/||i2. 
Write ^'2 = ^'3 + *4, where 

Jo 

Jo 

Proposition 4.2 For every < e 1, < h < 1, t ^ 0, we have 

||*l(i;/l)ILi^^oo<C/i2-"/2|t|-n/2^ 

||vI/4(t;/l)|Li^ioo<C/l2-/2-.|^|-n/2^ 

with a constant C > independent of t and h. 
Proof. By (2.24), (2.27) and (4.1), we have 

||^l(i;/i)ILl^Lco < C/i2-«/2 ||(^)-("+2)/2-e^(^./,) 

which imphes (4.5). By (2.1) and (4.1), we have 

||*4(i;/i)ILi^Loc 

ft/ 2 



< C 



+C 



t/2 



s^(*-^)^oVi(^^Go)(x)- 

t/2 



■n/2-e 



(x)-"/2-^e^(*-^)^^(/i2G) 



dT 



dT 



□ 



(4.5) 
(4.6) 



< 2C^-("-4)/2-^|t|-"/2 / |r|-l+^/2(r)-^dT<C,^-("-^)/2-^|^|-"/^ 

Jo 

VO < e <C 1, with a constant Cg > independent of t and h. □ 

We will now derive Theorem 1.1 from the estimates (4.1), (4.5), (4.6) and the following 
Proposition 4.3 For every < h < 1, t ^ 0, we have 

||^3(i; /i)llLi^Loo < C/l-("-3)/2|f|-"/2^ (4.7) 

with a constant C > independent of t and h. Moreover, the operator ^'3 is of the form 

^3{t;h) = E{t;h) + F{t;h), (4.8) 
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(4.9) 



where the operator E has a kernel of the form 

[ I w{X,t, \x - ei, \y - e|)A("-3)/V(/i'A)F(0ciAde, 
with a function w independent of h and satisfying the bound, 7^ 0, (Ti , (72 > 0, 

J wiX, t, a,,a2)XaWdx\ < C\t\-^/' (a^^^-'^^' + ai^+' + cx^-^""^)/' + a^^+') . (4.10) 

The operator F satisfies 

\\F{t;h)\\^^^^^ < C/l2-'*/2|^|-n/2^ Vi / 0, < /l < 1, 
with a constant C > independent oft and h. 
Writting the function Xa as 

where ^((t) = C7x'„(cr) G C^((0, +00)), we obtain by (4.1) with s = (n - l)/2, < e < 1, 

e^*«Xa(G)(x)-"/2-^ - e^*^°Xa(Go)(x)-"/2-^ 



(4.11) 



< 



'^{t;V9){a 



-n/2-e 



^ < 0-1/2-^/2^0 < c|i|-"/', (4.12) 

u Jo 



which imphes (1.3). 

Take ip{(7) = o-^'~^'^~^^^^Xai'^) denote by £{t) the operator with kernel defined by replac- 
ing in (4.9) the function X(''-^y^tp{h^ X) by XaW- By (1.1) and (4.10), we have 



\\£{t)hi^L-<c\t\--/^ yt^o. 

By (4.5), (4.6) and (4.11) 

G-in-me^tG^^^G) - Go-("-^)/'e^*^Oxa(Go) - Sit) 



(4.13) 



< 



^{t; Ve)-E{t- Ve) 

< C|i|-"/2 0-3/4-6/2^^ < C'|f|-n/2^ 

Jo 



(4.14) 



which together with (4.13) and the fact that the operators Gq ^''^^Xa(G'o) and XaiGo) are 
bounded on LP, 1 <p < 00, imply (1.2). 

To prove (1.4), observe that by (4.5), (4.6) and (4.7) we have 



||^(i; /i)llLi_Loo < C/i-("-^)/2|^|-"/^ Vt / 0, < < 1. 
By interpolation between (3.1) and (4.15), we get 

II*(«;^)IIlp'-.lp < c^^-"("-^)/^|^^"'*/^ o, o < ^ < i. 



(4.15) 



(4.16) 
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for every 2 <p < +00, where = 1, a = 1 — 2/p. As above, taking ^'(cr) = '*^'^^Xa(f) 

and using (4.16), we get 

^0 

if 1/2 + a(n - l)/4 - < 1, that is, for 2 < p < 2(n - 1 - 2q)/{n - 3 - 2g). This clearly 
proves (1.4). □ 

5 Proof of Proposition 4.3 

The kernel of the operator ^'3 is of the form 

/ Un{\x-i\,\y-i\;t)V{Od^, (5.1) 

where 

Uh{ar,a2;t) = i f' Khi(Ti,t - T)Kh{a2,T)dT = h-''''+''Ui{aih-\a2h-';th-''), (5.2) 
Jo 

where and Kh are defined by (2.4) (in the case of Kh the function tp is replaced by tpi). 
It is easy to see that to prove the proposition it suffices to show that the function Ui can be 
decomposed as Ui = W\ + Li with a function Wi of the form 

Wi(cTi,(72;0 = yu;(A,t,ai,c72)A("-3)/V(A)dA, (5.3) 

with a function w independent of V'j satisfying (4.10) and 

w{h'^X,th-^,aih-\a2h-^) = h^^''-^^/^w{\,t,ai,a2), (5.4) 
while the function Li satisfies 

\Li{ai,a2;t)\<C\t\-^/^ ^ + ^ , 7^ 0, en, c72 > 0. (5.5) 

To do so, observe that the function Ui is of the form Ui = u[^^ + u[^\ where 

Ui'\ai,a2;t)=^-^j0^ J | e^*^?V'i(ADV'(Ai)X(aiAi) J4a2A2)-^|i^dAidA2, 

C/P(ai,c72;t) = ^^igj^ 1 1 e^*^^^i(A?)V;(Ai)X(aiAi)J.(a2A2)3|i^ciAidA2. 

RecaU that Jiy{z) = e*^6+(2;) + e~*^6~(2:) with functions 6^ satisfying (2.11). Set Muiz) = 
e'^b+{z)-e-H-{z), and 

a±(Ai, A2;a2) = (Ai - X2)-^ (^j-^^^{Xl)bt{a2X2) - ^V'(A?)6^ (c72Ai)) . 
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We have 



-oo + J—oo 



+ EoV'(A?)&^(^2Ai) 



± 



Ai — As 



/oo 
e±^'^^^2a±(Ai, A2;(T2)dA2 + Const E±V'(A?)6^((T2Ai)e±^<^2^i 
^ -oo i 

=: E^^(Ai,£^2) + Const V(A?)A/;(a2Ai), 

± 



(5.6) 



where we have used that, for any a > 0, 



f 

J — ( 



Jo 



smjj, 

/X Jo 11 Jo fJ' 



dfi = ±2i Const. 



In view of (5.6) we can write the function U^^'' in the form 



(0-1CJ2) 



(2vr) 



e'*^i^i(A?)J,((7iAi)^(Ai,(72)AidAi 



(5.7) 



=:H^^')((7i,(72;i)+4'^(c7i,c72;i), 

where A = A"*" + We will now show that the function L^^"^ satisfies (5.5). Observe first that 
the functions satisfy (for Af G supp^i) 



dlldlla^{\iA2;cT) <C(a)(-=^)/2(A2)-^-"^ VA2 G R, a > 0, 



(5.8) 



for all multi-indices (ai,a2)- Indeed, it is easy to see that for o" > 1 the bound (5.8) follows 
from (2.11), while for < cr < 1 one needs to use the fact that near z = the functions are 
of the form 

ht{z) = bt,iiz) + logz6±2(2:), (5.9) 

where the functions b^j are analytic at z = 0, 6^2 = if n is odd. Therefore, we have (for 
A^ e suppV'i) 



d)^ 



b^iaX) 



<Ck, < o- < 1, 



(5.10) 



for every integer k with a constant C^ > independent of a. Clearly, (5.8) for < a < 1 follows 
from (5.10). Furthermore, an integration by parts together with (5.8) lead to the following 
bounds for the functions A"^ (for A^ G suppV'i) 



\dfA^iX,a)\ < C„,fc(c7)("-3)/2a-^ Va > 0, 
for every integers a > 0, k > I. Hence, 

\d^A^{X,a)\ < Caa-\ Va > 0. 



(5.11) 



(5.12) 
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On the other hand, by (2.8) and (2.11), we have 

for every integer < k < n — 2, while for > ra — 1 we have 

Thus, by (5.12)-(5.14) we obtain (for G suppV'i) 



(5.13) 
(5.14) 



{MaiX)A{X,a2)) 



A:=0 



■im—k 



A{X,a2) 



< C(72"V^-2(ai)"*-("-i)/2, 



(5.15) 



for every integer m > 0. In the same way as in the proof of (2.5), using (2.7) together with 
(5.15), we deduce 

L\'\ai,a2;t)\ < C„|^|-™"'/V2-"+^(al)™-('^-l)/^ (5.16) 

for every integer m > 0, and hence for all real m > 0. Taking m = {n — l)/2 in (5.16) we 
obtain the desired bound. Let (f) G Co°([— 1,1]), ^ = 1 on [—1/2,1/2]. We further decompose 
the function W^^^ as follows 

Wi^\ai,a2;t) = Const{aia2)-''+^ j e'^^'i^{X^)Mc7iX)Mu{(T2X)(f){a2X)XdX 

+Constiaia2)-''+^ J e^*^V(A^)X(aiA)0(aiA)AA^(a2A)(l - <P)ia2X)XdX 
+Const{aia2y+^ j e'^^^ i;{X^)MaiX){l - (f)){aiX)M^{a2X){l - (f)){a2X)XdX 



■■ M['\ai,a2;t) + Nl''iai,a2;t) + W^^' {ai,a2;t). 



(1)/ 



By (5.10) we have (for A^ G supp-i/') 



< Ck, V(T > 0, 



(5.17) 



(5.18) 



for every integer k with a constant Cjt > independent of a. By (5.13), (5.14) and (5.18) we 
get (for A^ G suppV') 



dX' 



iM(TiX){Km(^2X)) 



for every integer m > 0. In the same way as above we deduce from (5.19) 



Mi'\ai,a2;t) < Cm\t\- 



m-l/2^-n+2^^^ \^rra-(n-l)/2 



(5.19) 



(5.20) 



for all real m>0. Taking m = (n — l)/2 we conclude that m[^^ satisfies (5.5). Furthermore, in 
view of (5.13) and (5.14), we have (for A^ G supp'^) 



< Cka""-^, Va > 0, 



(5.21) 
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for every integer k with a constant > independent of cr, while (2.11) leads to the bound 



J^((l-^)Ar.)(aA) 



By (5.21) and (5.22), (for € suppV') 

d 



< Cjk((7)*^-('*-^)/2^ VC7 > 0. 



(5.22) 



((<^X)(<TiA)((l-0)AA,)(a2A)) 



for every integer m > 0. By (5.23) we get 

atW t ^ . +^ ^ l + l — ™— 1/2 «+2 \m— (n— 1)/2 

for all real m > 0. Taking m = (n — l)/2 we conclude that n[^^ satisfies (5.5), too. 
We will now decompose W^;^^ using that the functions admit the expansion 

btiz) = ±C,z("-3)/2 + O , Z-^+OO, 

where Ci, is some constant. More precisely, we have 



(5.23) 



(5.24) 



(5.25) 



for every integer A; > and every zq > 0, with a constant > independent of z but depending 
on k and zq. Thus we can write 



(aia2)-"+'A((l - .^)X)(<TiA)((l - <^)Ar,)(a2A) 



= c^(CTif72)-("-^)/^A"-2 (e'"^^ - e-'"'^) (e^'^^A ^ ^-iaaA^ 
+c^(aia2)-("-i)/2A-2(-</,(aiA) - <^(a2A) + <^(aiA)</>(a2A)) (e^^^ - e— (e^^^ + e— 

+ (c7i(72)-'^+2A((1 - <^) J.)((7lA)(l - .^)((72A) 



X (e*-^^ (6+(a2A) - c,(a2A)('^-3)/2) + e"-^^ (6;(a2A) + c,(a2A)("-3)/2)) 

+c,ar"+V-^"-')/'A("-i)/2(l - <^)(aiA)(l - <^)(a2A) (e^^^ + e— 

X (e-i^ (6+(aiA) - c,(aiA)(-3)/2) - e--^^ {b-{a,X) + c,(aiA)(-=^)/2)) 

=: X(A; cTi, C72) + ^(A; ^i, C72) + Z(A; (11,^2), (5.26) 

where X denotes the first term in the RHS, Y denotes the second one, while Z = Zi + Z2 
denotes the remainder {Z2 being the last term). In view of (5.25) we have (for A^ G supp^) 



cT 



;Zi{X;ai,a2] 



fc=0 



< C(ai)-("-^)/2(c72)-("+^)/2 ((ai) + {a2)r , 



(5.27) 
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for every integer m > 0. Hence, 



J e'*^V(A')^i(A;(7i,(72)c/A 



<C\t\ 



-m-l/2 



-(n-l)/2 



-(n+l)/2 



{{<yi) + {'72)r , (5.28) 



for all real m > 0. Take m = {n — l)/2 and observe that 

Therefore, the integral in the LHS of (5.28) satisfies (5.5). The function Z2 is treated in precisely 

the same way. Furthermore, we decompose the function Y as Y = Yi + Y2 + Y-^, with Yi 
corresponding to the term </>((TiA), I2 corresponding to the term 0((T2A), and I3 being the 
remainder. We have (for G supp V') 



-Yi(A;cri,(72) 



(n-l)/2 -(n-l)/2 



a. 



for every integer m > 0, and hence, 

J e^*^V(A2)yi(A;(7i,(72)dA 



< c\t\- 



l/2^-{n-l)/2^-(n-l)/2^^^^„^ 



a. 



(5.29) 



(5.30) 



for all real m > 0. Since fii is bounded as long as aiX G supp^ and A^ G supp-^, we can bound 
the RHS of (5.30) (for m = {n - l)/2) by 

Therefore, the integral in the LHS of (5.30) satisfies (5.5). The terms corresponding to I2 and 
13 can be treated in precisely the same way. 
Furthermore, we write 



(5.31) 



I e^*^'V'(A')X(A;ai,a2)dA = J w^'\i^,t,aua2)fi^''-^^/^^{fi)dfi, 
where the function w^^^ is of the form 

.(l)(A2,i,ai,a2) = ^^Const(c7iC72)-("-l)/2giU2+iA(±.i±a2);^(n-3)/2_ (532) 



± ± 



Clearly, the function w^^^ satisfies (5.4). To prove that w^^^ satisfies (4.10), it suffices to show 
that 

poo 

/ e^*^'+^'^^A("-^)/2xa(A^)dA < ^7|^^"/2((7)("-^)/^ Vt 7^ 0, a G R, (5.33) 
Jo 

with a constant C > independent of t and a. Consider first the case of n odd, and set 
m = (n — l)/2. Integrating by parts m times, we get 

/•OO „ POO 

2{itr / e^*^ +^'^^A('*-^)/2^„(A2)dA = {itr / e^*'^+^'^^/x("-3)/4;^„(/x)d/x 
Jo Jo 

= Jo ""'"'i^ (e^"^/^^"-'^/'Xa(/^)) d^^ 
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m—\ 

E 



a' 



(5.34) 



where G Cq°((0, +00)), and 



By (2.7), each integral in the sum in the RHS of (5.34) is bounded by 0{\t\-'^/'^). To bound the 
remainder, observe that gm is of the form 

ni 

5^(A.,a)=/.-V2^^,.aV-('"-^■^/^ 

i=o 



where 7^ are independent of /j, and a. Therefore, we have (for G suppxa) 



<C{arX-^\ j = 0,l, 



and hence 



< cianxy 



We now write the last integral in the RHS of (5.34) as 

d 



where 



J^"k{X,a,t)— {Xgm{X\a)xa{X^)) dX, 

k{X,a,t) = f^e' 
Jo 



(5.35) 
(5.36) 

(5.37) 



A|t|i/2_e<^/2|t|i/2 



e-^-V4* /%it(.+./2t)^^^^|i|-i/2^-..V4t r'*' e^^y'dy, 

Jo ' ' J-ea/2W/^ ^' 



where e = signi. Using the well known bound 



e'^y dy 



<C, Va G R, 



with a constant C > independent of a, we get 

\kiX,a,t)\<C\t\-'/^ 



(5.38) 



with a constant C > independent of A, a and t. By (5.36) and (5.38), the integral in (5.37) is 
bounded by C{a)'^\t\^^^'^ , which clearly implies (5.33) in this case. 

Let now n be even and set m = (n — 2)/2. Then (5.34) still holds and each integral in the 
sum in the RHS is bounded by Ck{a)''\t\~^~^^'^ for all real k > 0, and in particular for k = 1/2. 
Therefore, it suffices to show that the last integral in the RHS of (5.34) is bounded in this case 
by C{a)'^'^^/^\t\~^. The function 5^ in this case is of the form 

m 

5^(/x,a) = M-^/'E7^^v-("-^')/'. 

j=0 
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Thus, it suffices to show that 

/ e''^ +'''^\^/^-^Xa{\^)dX < C|t|-^((7)i/2+J, < j < 
Jo 



m. 



(5.39) 



When j > 1, (5.39) fohows easily by integrating once by parts. To prove (5.39) for j = 0, we 
proceed as fohows (if cr/t < 0) 

Jo Jo 



Jo 

Jo 



Jo dx yx^ 



Xa{X' 



/2 + (-(7/2t)l/2 



dX. 



(5.40) 



We bound the integral in the first term in the RHS of (5.40) by 0(|t|^^/^) in the same way as 
the integral (5.37) above, so the first term itself is bounded by C{a)^/'^\t\~'^ . The second term 
is bounded by 0(|t|~^) because of the bound 



Xa(A2) 



< C{X) 



-3/2 



dX \^Ai/2 + (_(x/2t)V2^ 
with a constant C > independent of A, a and t. When a/t > 0, we write 

e^*^'+^'^^Ai/2^„(A2)dA 



1 -ia2/4t 



f 

Jo 



Jt{X+a/2t) 



2 d y^'xam 



dX, 



dA \^ A + a/2t 

so the integral in the LHS of (5.41) is bounded by 0(|t|~^) because of the bound 

d fxy^XaiX^y 



(5.41) 



<C{X) 



-3/2 



dX\X + a/2t 

with a constant C > independent of A, a and t. This completes the proof of (5.33). Since the 
function U 
completed. 



function u'f''' can be treated in precisely the same way as u\^\ the proof of the proposition is 
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